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Measurements of multi-particle correlations in the collisions of small systems such as p + p,
p/d/3He+A show striking similarity to the observations in heavy ion collisions. A number of
observables measured in the high multiplicity events of these systems resemble features that are at-
tributed to collectivity driven by hydrodynamics. However alternative explanations based on initial
state dynamics are able to describe many characteristic features of these measurements. In this
brief review we highlight some of the recent developments and outstanding issues in this direction.
I. INTRODUCTION
Relativistic collisions of hadrons and nuclei at the mod-
ern colliders provide unique testing ground for QCD at
high energies. Over a decade of experimental measure-
ments for a wide range of energies and collision systems
have been dedicated to study the properties of the mat-
ter formed in such collisions. A number of measurements
have provided strong indications that the QCD matter
formed in the collisions of two nuclei (A+A) behave like
a strongly interacting fluid that exhibits collectivity [1–4].
Consistent measurements of strong radial and anisotropic
flow, jet quenching etc. have convincingly established
such properties of the medium. Small system collisions
have initially been thought of providing benchmarking
measurements for the observations in heavy ion collisions.
Very recently several striking observations have been
made in p+p, p+A, d+A and 3He+A collisions [5–13].
Observations in high multiplicity events for such small
collision systems seem to resemble features that are com-
mon to A+A collisions and very often attributed to deci-
sive signatures of collectivity due to hydrodynamic evolu-
tion. Such observations include appearance of azimuthal
correlations that extend in long-range rapidity known as
ridge, which is also quantified in terms of Fourier har-
monic coefficient of vn, strong multiplicity dependence of
mean transverse momentum, HBT radii and many oth-
ers.
An outstanding question remains whether such system-
atics have a collective origin that can be attributed to hy-
drodynamic evolution like in A+A collisions or a natural
consequence due to initial state dynamics that appear in
the final state observables or a combination of both. Sev-
eral alternative approaches based on final state [14–24]
and initial state [25–41] dynamics have provided com-
peting arguments in this context. Interestingly, such a
debate on the relative importance of initial state [42]
and final state effects [43] also took place in the early
90s while addressing the experimental data from p + p¯
collisions at the Tevatron.
In this review we provide a brief overview on the exper-
imental findings and outline a general theory perspective
on the collective phenomena observed in small systems.
Subsequently, we focus specifically on theoretical expla-
nations based on the initial state dynamics. We discuss
different theoretical approaches to the calculations and
contrast the results with experimental findings. We con-
clude with a brief summary of the present status and
perspectives for future studies.
A. Experimental Overview
The current debate of collectivity in small systems was
triggered by the discovery of ridge like correlations that
extend over a long range in rapidity in high multiplic-
ity p+p collisions by the CMS collaboration [5]. Such
long range structure of azimuthal correlations was pre-
viously seen in heavy ion collisions at RHIC [44–46] and
LHC [47] and generally attributed to the nearly boost
invariance structure of the azimuthal correlations driven
by hydrodynamic flow. At the same time causality ar-
guments suggest [48] that such correlations must develop
at the very early stages of the collisions, indicating the
strong influence of initial state dynamics on such observ-
able. While the observation of similar ridge like struc-
tures made in high multiplicity p+Pb collisions at the
LHC was expected [6–8], a surprise was that the signal
strength at the same multiplicity was stronger in p+Pb
compared to p+p. The latest inclusion to these mea-
surements are the highest energy p+p collisions so far at
13 TeV [12, 13]. Including the 13 TeV and 7 TeV data
both ATLAS and CMS collaborations have demonstrated
that the strength of ridge correlations (characterized by
the near side yield) at a given multiplicity is independent
of collision energy. However, a more pronounced energy
dependence appears to be present in higher-order cumu-
lants such as c2{4} = −v42{4} which unlike at lower ener-
gies appears to exhibit a clear sign change as a function
of multiplicity in 13 TeV p+ p collisions [49]. Meanwhile
RHIC, being a versatile machine, has collided 3He+Au
[11] along with d+Au [9, 10] and p+Au [50] to perform
similar measurements of azimuthal correlations. Such
measurements indicate the presence of significant v2 and
v3 in p+Au, d+Au,
3He+Au, the systematics of which is
very similar to what is commonly seen in A+A collisions.
Analyses common to A+A have been repeated in both
p+Pb and p+p at LHC by triggering on high multiplic-
ity events. Measurements of higher order harmonics of
azimuthal anisotropy vn, mass dependence of vn, higher
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in approximately the same direction and thus having full pair ac-
ceptance (with a bin width of 0.3 in !η and π/16 in !φ). There-
fore, the ratio B(0,0)/B(!η,!φ) is the pair-acceptance correction
factor used to derive the corrected per-trigger-particle associated
yield distribution. The signal and background distributions are first
calculated for each event, and then averaged over all the events
within the track multiplicity class.
Each reconstructed track is weighted by the inverse of an effi-
ciency factor, which accounts for the detector acceptance, the re-
construction efficiency, and the fraction of misreconstructed tracks.
Detailed studies of tracking efficiencies using MC simulations and
data-based methods can be found in [23]. The combined geometri-
cal acceptance and efficiency for track reconstruction exceeds 50%
for pT ≈ 0.1 GeV/c and |η|< 2.4. The efficiency is greater than 90%
in the |η|< 1 region for pT > 0.6 GeV/c. For the multiplicity range
studied here, little or no dependence of the tracking efficiency on
multiplicity is found and the rate of misreconstructed tracks re-
mains at the 1–2% level.
Simulations of pp, pPb and peripheral PbPb collisions using the
pythia, hijing and hydjet event generators, respectively, yield ef-
ficiency correction factors that vary due to the different kinematic
and mass distributions for the particles produced in these gen-
erators. Applying the resulting correc ion factors from one of the
generators to simulated data from one of the others gives asso-
ciated yield distributions that agree within 5%. Systematic uncer-
tainties due to track quality cuts and potential contributions from
secondary particles (including those from weak decays) are exam-
ined by loosening or tightening the track selections on dz/σ (dz)
and dT /σ (dT ) from 2 to 5. The associated yields are found to be
insensitive to these track selections within 2%.
5. Results
Fig. 1 compares 2-D two-particle correlation functions for
events with low (a) and high (b) multiplicity, for pairs of charged
particles with 1 < pT < 3 GeV/c. For the low-multiplicity selec-
tion (Nofflinetrk < 35), the dominant features are the correlation peak
near (!η,!φ) = (0,0) for pairs of particles originating from the
same jet and the elongated structure at !φ ≈ π for pairs of parti-
cles from back-to-back jets. To better illustrate the full correlation
structure, the jet peak has been truncated. High-multiplicity events
(Nofflinetrk   110) also show the same-side jet peak and back-to-
back correlation structures. However, in addition, a pronounced
“ridge”-like structure emerges at !φ ≈ 0 extending to |!η| of at
least 4 units. This observed structure is similar to that seen in
high-multiplicity pp collision data at
√
s = 7 TeV [17] and in AA
collisions over a wide range of energies [3–10].
As a cross-check, correlation functions were also generated for
tracks paired with ECAL photons, which originate primarily from
decays of π0s, and for pairs of ECAL photons. These distributions
showed similar features as those seen in Fig. 1, in particular the
ridge-like correlation for high multiplicity events.
To investigate the long-range, near-side correlations in finer
detail, and to provide a quantitative comparison to pp results,
one-dimensional (1-D) distributions in !φ are found by averag-
ing the signal and background two-dimensional (2-D) distributions
over 2 < |!η|< 4 [7,8,17]. In the presence of multiple sources of
correlations, the yield for the correlation of interest is commonly
estimated using an implementation of the zero-yield-at-minimum
(ZYAM) method [26]. A second-order polynomial is first fitted to
the 1-D !φ correlation function in the region 0.1< |!φ|< 2. The
minimum value of the polynomial, CZYAM, is then subtracted from
the 1-D !φ correlation function as a constant background (con-
taining no information about correlations) to shift its minimum
to be at zero associated yield. The statistical uncertainty on the
Fig. 1. 2-D two-particle correlation functions for 5.02 TeV pPb collisions for pairs of
charged particles with 1< pT < 3 GeV/c. Results are shown (a) for low-multiplicity
events (Nofflinetrk < 35) and (b) for a high-multiplicity selection (N
offline
trk   110). The
sharp near-side peaks from jet correlations have been truncated to better illustrate
the structure outside that region.
minimum level of 1Ntrig
dNpair
d!φ obtained by the ZYAM procedure as
well as the deviations found by varying the fit range in !φ give
an absolute uncertainty of ±0.0015 on the associated yield, inde-
pendent of multiplicity and pT.
Fig. 2 shows the results for pPb data (solid circles) for various
selections in pT and multiplicity Nofflinetrk , with pT increasing from
left to right and multiplicity increasing from top to bottom. The
results for pp data at
√
s= 7 TeV, obtained using the same proce-
dure [17], are also plotted (open circles).
A clear evolution of the !φ correlation function as a function
of both pT and Nofflinetrk is observed. For the lowest multiplicity se-
lection in pp and pPb the correlation functions have a minimum
at !φ = 0 and a maximum at !φ = π , reflecting the correla-
tions from momentum conservation and the increasing contribu-
tion from back-to-back jet-like correlations at higher pT. Results
from the hijing [24] model (version 1.383), shown as dashed lines,
qualitatively reproduce the shape of the correlation function for
low Nofflinetrk .
For multiplicities Nofflinetrk   35, a second local maximum near|!φ|≈ 0 emerges in the pPb data, corresponding to the near-side,
long-range ridge-like structure. In pp data, this second maximum
is clearly visible only for Nofflinetrk > 90. For both pp and pPb col-
lisions, this near-side correlated yield is largest in the 1 < pT <
2 GeV/c range and increases with increasing multiplicity. While
the evolution of the correlation function is qualitatively similar in
pp and pPb data, the absolute near-side correlated yield is signifi-
cantly larger in the pPb case.
In contrast to the data, the hijing calculations show a correlated
yield of zero at !φ = 0 for all multiplicity and pT selections. The
5
4 Correlation Functions and Near-Side Yields
The two-dimensional (2D) per-trigger-particle associated yield distribution of charged hadrons
as a function of |  | and |  | is measured for each ptrigT and passocT interval, and in different cen-
trality classes of PbPb collisions. An example for trigger particles with 3 < ptrigT < 3.5GeV/c
and associated particles with 1 < passocT < 1.5GeV/c is shown in Fig. 1, for centralities ranging
from the 0–5% most central collisions, to the most peripheral (70–80%) events. The 2D correla-
tions are rich in structure, and evolve with centrality. The ptrigT and p
assoc
T ranges shown in this
figure were chosen as an example because they demonstrate a good balance of the following
features. For the most central PbPb collisions, a clear and significant ridge-like structure mostly
flat in   , and extending to the limit of |  | = 4, is observed at      0. At mid-peripheral
events, a pronounced cos(2  ) component emerges, originating predominantly from elliptic
flow [10]. Lastly, in the most peripheral collisions, the near-side ridge structure has largely di-
minished, while the away-side back-to-back jet correlations can be clearly seen at       , but
spread out in   .
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Figure 1: Two-dimensional (2D) per-trigger-particle associated yield of charged hadrons as a
function o |  | and |  | for 3 < ptrigT < 3.5GeV/c and 1 < passocT < 1.5GeV/c, for twelve
entra ity rang s of PbPb collisions at
 
sNN = 2.76 TeV. The near-side peak is truncated in the
two most periph ral di ribu ions to better display the surrounding structure.
As was done in Ref. [1], to quantitatively examine the features of short-range and long-range
azimuthal correlations, one-dimensional (1D)    correlation functions are calculated by aver-
CMS Pb+Pb 
√s = 2.76 TeV
FIG. 1. Figures are from [6, 13, 42]
indicates the same underlying dynamics possibly drives
these two phenomena. The first step is to understand
the origin of high multiplicity events th t popul te the
long ail of experimental multiplicity distributions. The
probability distribution of multiplicity P (n) contains the
information of n-particle correlations, a first principle es-
timation of which is a challenging problem. This req ires
full tre tment of di↵erent sources of initial state fluctua-
tions of the wave functions of the c lliding systems and
a framework of multi-particle production. In the CGC
EFT, the saturation cale (Q2S) is the natural scale con-
trolling sub-nucleo ic scale fluctuations which combined
with the knowledge of nuclear geometry accounts for ma-
jor sources of such initial-state fluctuations. Significant
pro ess has be n made in recent years to model th se
fluctuations using the framework of IP-Glasma model.
Recently the importance of additional sources of initial
state fluctuations have been realized, the origin of which
is intrinsic lly non-p r urbative and not captured in the
conventional framework of CGC. Such fluctuations lead
to a distribution of the intrinsic saturation scale of the
hadron or nucleus as shown in Fig.2(left) and h s to e
i troduced in the IP-Glasma model [44]. With the ini-
tial state including di↵erent sources of fluctuations con-
strained by the HERA data, the CGC EFT can be gen-
eralized to estimate n-particle production. For a given
configuration of initial color charge, the n-particle distri-
bution is a negative binomial distribution (NBD) with
mean and width related to the saturation scale. Due to
fluctuation of impact parameter, a convolution of many
such NBDs gives rise to the final probability distribution
of multiplicity. However it has been demonstrated that
such distribution is narrower compared to the data. Only
after including the intrinsic fluctuations of the proton sat-
uration scale one can describe the tails of the experimen-
tal multiplicity distributions (Fig.2(right)). Since mul-
tiplicity is dominated by low momentum (pT < 1GeV)
gluons, it is very challenging to implement a scheme of
fragmentation for the production of soft hadrons. There-
fore in this approach the number of produced charged
particles are taken to be proportional to the number of
gluons estimated in the IP-Glasma model. The results
shown in Fig.2 indicate that the high multiplicity events
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FIG. 2. (left) Distribution of the saturation scale of proton
driven by stochastic dipole splitting. (right) E↵ect of intrinsic
fluctuation of proton saturation scale on the probability dis-
tribution of multiplicity (  = 0 corresponds to no fluctuation
of QS). The two figures are from Ref [44]
that populate the tail of P (n) distributions are generated
due rare high color charge density configurations of the
wave functions of the colliding systems.
FIG. 1. Two-particle correlation function in relative pseudo-rapidity and azimuthal angle showing long range ridge-like
structure in high multiplicity p+p, p+Pb as compared to peripheral Pb+Pb collisions. Figures are taken from [6, 13, 47]
order cumulants of v2{n}, n ≥ 4 and many others are
now available (for a comprehensive review we refer the
reader to Ref [51, 52]).
By now a number of intriguing resul s observed in p+p
and p/d/3He + A have ccumulated, including a strong
multiplicity dependence of average transverse momentum
〈pT 〉 that is attributed to radial flow as well as the obser-
vation of izable Fourier harmonic coefficients vn(pT ) up
to n = 4 and its higher order moments of the azimuthal
correlation ge erally attributed to anisotropic flow. Most
importantly, several characteristi s, such as the mass de-
pendence of both 〈pT 〉 and vn(pT ) have been found to be
similar to what is seen in A+A collisions.
However it i worth mentio that some striking
contrasts also exist. Unlike in A+A collisions, where
the obs rvation of jet-quenching has been one of the
pillars of the discovery of a strongly interacting Quark
Gluon Pl sma (QGP) [53, 54], so far no evidence of
(mini) jet-quenching has been f und in small systems [55–
58]. Even though the standard jet-quenching analysis in
small-systems is complicated due to trigger bias effects,
the absence of such phenomena may provide important
insights with regard to the theoretical interpretation of
the observed phenomena.
B. Gene al theore tical perspectives
It is useful to first address the question about the ori-
gin of long-range azimut l correlations (shown in Fig.1)
from a more general point of view and formulate our the-
oretical expectations based on previous observations in
small and large systems. While causality arguments im-
ply that any long range rapidity correlation must origi-
nate from the very early stages of the collision [48], this
leaves open the question how the observed momentum
space correlations are created dynamically during the
space-time evolution. Specifically one can, at least from a
theoretical point of view, distinguish two different mech-
anisms whereby momentum space correlations of hadrons
produced in the final state reflect
i) intrinsic momentum space correlations of the par-
tons produced in initial (semi-) hard scatterings
and/or
ii) position space correlations between initial state
partons, e.g. the initial state geometry, which are
transformed into momentum space correlations due
to final state interactions.
While in any realistic scenario, both kinds of correla-
tions i) and ii) contribute to the long-range azimuthal
correlations, their relative strength depends on the mag-
nitude f final state effects. In low-multiplicity p + p
c llisions for example, the dominant source of long-range
azimu al correlations is due to the production of back
to back (mini-) jets. Since in this case the density of pro-
duced partons is low, the typical (semi-) hard partons
produc d i the initial scattering escape the interaction
region without final state effects significantly affecting
their back-to-back correlation. Considering on the other
hand soft particle production amidst large parton den-
sities in nucleus-nucleus collisions, it is well established
that the azimuthal anisotropy of say pT . 1 GeV parti-
cles is dominated by the final state response to the initial
state geometry. In this case the mean-free path of a typ-
ical (semi-) hard parton is small compared to the system
size, such that the initial state momentum correlations
of ∼ GeV partons are destroyed during the equilibration
process. Therefore, the subsequent dynamics of the equi-
librated QGP can be accurately described by relativistic
hydrodynamics.
Even though it is sometimes possible to choose the
kinematics such that one mechanism dominates over the
other, there are various examples in-between where both
initial state and final state effects are important. One
prominent example includes the behavior of jets in heavy-
ion collisions. While highly energetic jets can escape the
interaction region without equilibrating, they can loose a
significant part of their energy through interactions with
3the softer medium. Even though the dominant correla-
tion of the leading high-pT particles is still due to the ini-
tial back-to-back correlation, the path length dependence
of the energy loss in the medium also leads to an addi-
tional correlation with the initial state geometry. Such
correlations are reflected e.g. by the high-momentum
vn(pT ) measuring correlations between soft and hard par-
ticles.
Clearly the aforementioned examples illustrate that it
is important to consider both initial state momentum
space correlations and the response to the initial state
geometry due to final state effects in order to describe
azimuthal correlations in small systems over a wide kine-
matic range. Our qualitative expectation is illustrated
in Fig. 2, where the azimuthal correlation strength due
to initial state and final state effects is shown versus the
event multiplicity e.g. in p+p collisions for a fixed trans-
verse momentum range e.g. 1−3 GeV. Based on our
discussion we expect that in low multiplicity or min-bias
events the azimuthal correlations between 1−3 GeV par-
ticles are pre-dominantly due to back-to-back mini-jets
(peaked at ∆φ = pi). With increasing event-multiplicity
the contribution from multi-parton processes, such as
the ”Glasma graphs” (Sec. II C 3), becomes increasingly
important resulting in azimuthal correlations that have
a symmetric structure in relative azimuthal angle ∆φ
around pi/2. When increasing the multiplicities even fur-
ther, final state interactions in this transverse momentum
region can no longer be neglected at some point and lead
to a depletion of initial state correlations. Even though
mini-jets do not fully equilibrate yet, the system starts
to show a response to the initial state geometry, which
in this low opacity region is presumably dominated by
the path length dependence of the parton energy loss –
also referred to as parton escape mechanism [59]. Ulti-
mately, in the limit of very high multiplicities, mini-jets
are fully quenched, resulting in the formation of a ther-
malized medium and the complete loss of initial state mo-
mentum space correlations. In this high opacity regime,
azimuthal correlations are dominated by the response to
initial geometry described by a hydrodynamic expansion
of a thermalized Quark-Gluon plasma.
One can attempt to further estimate the multiplicities
corresponding to the transitions from the initial state to
the final state dominated regime, exploiting recent theo-
retical progress in the understanding of the equilibration
process [61]. Since the equilibration time at weak cou-
pling corresponds to the time scale when a semi-hard
parton ∼ Qs looses all its energy to form a soft thermal
bath, one naturally expects the cross-over from the initial
state to final state dominated regime to occur when the
associated equilibration time τeq becomes comparable to
the system size R. Conversely, as long as τeq  R typical
semi-hard partons escape without encountering signifi-
cant final state interactions, whereas for τeq  R semi-
hard partons are fully quenched, equilibrium is reached
early on and the dynamics is dominated by the subse-
quent hydrodynamic expansion. Based on the estimate of
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FIG. 2. Illustration of long-range azimuthal correlations
in small systems, a slightly modified version of the figure
from [60].
the equilibration time Qsτeq ' 10(η/s)4/3Teq (g2Nc)1/3 ' 10
for (η/s)Teq ' 5/4pi at realistic coupling g2Nc ' 10
[62, 63] and the multiplicity dN/dy ' ξQ2spiR2 with
ξ ' 1/4 [64] we obtain that
τeq
R
'
√
100
dN/dy
, (1)
corresponding to a cross-over at around dN/dy ∼ 100,
which in fact is much larger than the min-bias multi-
plicities reached in p + p or p + Pb collisions [65]. We
caution however that the estimate in Eq. (1) is inferred
from leading order weak-coupling calculations and should
only serve as a ballpark figure.
Beyond simple analytic estimates probably a promis-
ing alternative approach is to directly attempt an ex-
traction of the boundaries between the different regimes
through detailed comparisons of theory and experiment.
While a first principle theoretical description is compli-
cated throughout most of the multiplicity regimes shown
in Fig. 2, significant theoretical progress has been made
in understanding the features of initial state correlations
in the regime where final state effects can be neglected.
In the following we will review the theoretical computa-
tion of initial state correlations in the Color-Glass Con-
densate (CGC) effective field theory of high-energy QCD
and critically access to what extent these calculations are
compatible with the experimental observations.
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FIG. 3. (left) Distribution of gluon density around valance quarks inside a proton represented by the real part of Wilson
lines from [66]. (middle) Distribution of the saturation scale of a proton driven by stochastic dipole splitting. (right) Effect
of intrinsic fluctuation of proton saturation scale on the probability distribution of multiplicity (σ = 0 corresponds to no
fluctuation of Qs). The middle and the right figures are from Ref [67].
II. MULTI-PARTICLE PRODUCTION IN THE
CGC FRAMEWORK
A. High multiplicity events
Experimental observations suggest that long-range
ridge like correlations in small colliding systems appear
in high multiplicity events. Before we turn to a more de-
tailed discussion of possible mechanisms to produce such
correlations, a first necessary step is to understand the
origin of high multiplicity events that populate the long
tail of experimental multiplicity distributions. Consider-
ing the most elementary case of p+p collisions, high mul-
tiplicity events are a consequence of three major sources
of fluctuations
1) geometry of collisions
2) intrinsic saturation scale of the proton
3) distribution of color charge density inside the pro-
tons.
While one naturally expects a strong impact parameter
dependence of the multiplicity in p + p collisions [68],
the importance of additional sources of initial state fluc-
tuations have only been realized recently. Significant
progress in including all of the above into a consistent
phenomenological description has been made within the
IP-Glasma model which is based on the framework of
CGC [69, 70].
Non-perturbative large x effects, which are not cap-
tured in the conventional CGC framework, are expected
to give rise to fluctuations of the intrinsic saturation scale
of the proton [71–76] as illustrated in Fig.3 (middle). In
[67] intrinsic fluctuations of the proton saturation scale
were introduced in the IP-Glasma model [67] according
to a distribution
P (ln(Q2s/〈Q2s〉)) =
1√
2piσ
exp
(
− ln
2(Q2s/〈Q2s〉)
2σ2
)
. (2)
with the variance σ2 adjusted previously to the inclu-
sive charged particle multiplicity and rapidity distribu-
tions in p+p collisions over a wide range of energies 0.2-7
TeV [67]. An interesting consequence of such fluctuations
is that even in symmetric collision systems such as p+ p,
event-by-event fluctuations of the saturation scale of each
proton lead to an asymmetry of the rapidity distribution
of the produced particles on an event-by-event basis [77].
Consequently, high-multiplicity p+p collisions in partic-
ular are always asymmetric, and in a sense expected to
look more like p+A collisions.
The saturation scale and the geometric profile of the
proton, which are the two most important ingredients in
the IP-Glasma model are obtained from the IP-Sat pa-
rameterization of the HERA DIS data [78, 79]. While in
the original IP-Sat model the proton shape was assumed
to be round, recent modification to IP-Sat has been done
by assuming the gluon density to be distributed around
three valence quarks inside the proton (see Fig.3 (left)
) [66, 80] and several other models have started to in-
clude similar kinds of fluctuations [81, 82]. Interestingly
such sub-nucleon scale fluctuations can be constrained
by incoherent diffractive vector meson production and
improved agreement with existing HERA data can be
achieved [66]. It has also been pointed out that geometric
fluctuations of the proton can provide a dynamical expla-
nation for the “hollowness effect” observed in elastic p+p
scattering at LHC energies [83] and it would further be
interesting to explore to what extent the modeling of the
proton geometry can be aided by first-principle lattice
QCD calculations.
With the initial state including different sources of fluc-
tuations constrained by the HERA data, the n-particle
production probability P (n) can be computed within the
color glass condensate framework. For a given configura-
tion of initial color charge, the n-particle distribution is
a negative binomial distribution (NBD) with mean and
width related to the saturation scale [85]. Due to fluctu-
ation of impact parameter, a convolution of many such
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FIG. 4. A cartoon showing the contributions of di-jet and glasma graphs in two particle correlation function Y (∆φ) integrated
over a broad range of |∆η|. This is a slightly modified version of the figure from [84]
NBDs gives rise to the final probability distribution of
multiplicity. However it has been demonstrated that such
distribution is narrower compared to the data. Only after
including the intrinsic fluctuations of the proton satura-
tion scale one can describe the tails of the experimental
multiplicity distributions (Fig.3(right)). Since multiplic-
ity is dominated by low momentum (pT < 1GeV) gluons,
it is very challenging to implement a scheme of fragmen-
tation for the production of soft hadrons. Therefore the
number of produced charged particles are generally taken
to be proportional to the number of gluons. The results
shown in Fig.3 indicate that the high multiplicity events
that populate the tail of P (n) distributions are gener-
ated due to rare high color charge density configurations
of the wave functions of the colliding systems. In the
next section we argue that the same underlying dynam-
ics that leads to the origin of high multiplicity events
also drives the systematics of multi-particle correlations
in small collision systems.
B. Qualitative discussion of Initial state
correlations
Multi-particle production in Quantum Chromo Dy-
namics (QCD) naturally leads to correlations between
particles produced in high-energy collisions. A complete
theoretical understanding of these effects though is ex-
tremely challenging. Nevertheless significant progress
has been achieved in recent years based on the CGC ef-
fective field theory (EFT) of high-energy QCD, which
provides the basis for phenomenological applications at
RHIC and LHC energies.
Let us focus our discussion on the origin and system-
atics of the two particle correlations seen at LHC. By
far the most well established source of long-range two-
particle azimuthal correlations is due to the production
of back-to-back di-jets. Such processes (also referred to
as “Mueller-Navelet” jets [86]) are depicted in the right
panel of Fig. 4 and can be computed within standard per-
turbative QCD. Di-jet production is kinematically con-
strained to produce only away side (peaked at ∆φ = pi)
collimations and dominates in low-multiplicity or min-
bias events. However, in high-multiplicity events one is
probing rare configurations of the proton where in addi-
tion to the production of di-jets from a single hard scat-
tering, multi-parton processes become increasingly im-
portant. A first calculation of these effects in the CGC
framework was based on evaluating the associated Feyn-
man diagrams referred to as “Glasma graphs”, depicted
in the left panel of Fig. 4. Such graphs give rise to non-
factorizable two particle correlations that have a symmet-
ric structure in relative azimuthal angle ∆φ around pi/2
(see Fig.4). When decomposed in terms of the Fourier
coefficients of the particle distributions, they give rise to
non-zero even harmonics vn. Beyond the lowest order
processes depicted in the left panel of Fig. 4, further con-
tributions to the azimuthal collimations come from the
multiple scattering of partons leading to both even and
odd vn. Such processes can be included in a classical
Yang-Mills description and will be discussed in more de-
tail in a following section.
Since interference effects between Glasma graphs and
Jet graphs vanish to lowest order in the kinematic regime
ΛQCD  Qs . pT , qT the resulting two-particle correla-
tions function as a direct sum of both contributions
d2N corr.
d2p
T
d2q
T
dypdyq
=
d2N corr.Glasma
d2p
T
d2q
T
dypdyq
+
d2N corr.Jet
d2p
T
d2q
T
dypdyq
.
(3)
The relative strength of the di-jet production represented
by the “Jet-graph” and the “Glasma-graphs” determines
the features of the observed di-hadron correlations as
shown in Fig.4. In high multiplicity events the Glasma
graphs are enhanced by a relative factor of α−4S compared
to the “Jet-graphs”, one therefore naturally expects to
see a pronounced near side collimation at ∆φ ∼ 0 that
extends over a wide range of rapidity referred to as the
“near side ridge”. The fact that near side collimation
extends far in rapidity is a consequence of the nearly
boost invariant nature of the glasma gluon fields. While
qualitatively these features are indeed present in the ex-
perimental data, of course it requires detailed theory cal-
culations to establish the quality of agreement. In the
remainder of this section, we will outline the essential
6steps in the computation of initial state correlations in
the CGC framework. A summary of comparisons with
experimental results is presented in section III.
In the CGC framework colliding protons and nuclei are
effectively described as static sources of color charge on
the light-cone that generate color currents
Jν = δν±ρA(B)(x∓,x⊥). (4)
The color charge densities ρA(B)(x
±,x⊥) in each collid-
ing hadron or nucleus fluctuate from event to event and
their statistical properties are constrained by indepen-
dent measurements. Computation of multi-particle pro-
duction in the CGC framework is based on the calcula-
tion of the classical Yang-Mills fields created from such
color currents by solving the Yang-Mills equations
[Dµ, F
µν ] = Jν . (5)
Different theoretical descriptions within the CGC frame-
work, employ different levels of approximation which are
discussed in more detail in the following.
C. Perturbative computation
In the perturbative framework one tries to obtain an
analytical solution of the gauge fields by performing
order-by-order expansion of Eq.5 in powers of the color
sources ρA(B). In the dilute-dense framework which as-
sumes lowest order in ρA and all orders in ρB or in
the dilute-dilute framework one can derive analytical
expressions for n-gluon production in the k⊥-factorized
form [87]. The essential ingredients to such factorization
relations are the correlator of the dilute-sources in ρA or
the Wilson lines corresponding to the dense source ρB
in momentum space. Such correlators are represented as
unintegrated gluon distributions (UGDs) Φ(x, k⊥) and
can be expressed in terms of T (x, r⊥)–the forward scat-
tering amplitude of a quark-antiquark dipole of trans-
verse size r⊥ on a proton/nuclear target– through the
expression
Φ(x, k⊥) =
piNck
2
⊥
2αS
∞∫
0
dr⊥r⊥J0(k⊥r⊥)[1− T (x, r⊥)]2.
(6)
The x-dependence of Φ is determined by the rapidity
(Y = ln(1/x)) evolution of the dipole scattering ampli-
tude implemented in the Balitsky-Kovchegov (BK) renor-
malization equation [88, 89] which is a simplified form of
the JIMWLK renormalization equations [88, 90–93]. The
leading order expression of the BK equation is given by
∂T (r, Y )
∂Y
=
∫
r1
K(r, r1) [T (r1, Y ) + T (r2, Y ) (7)
−T (r, Y )− T (r1, Y )T (r2, Y )] ,
where r2 ≡ r−r1 and K is the BFKL kernel. The imple-
mentation of the kernel K often used for phenomenology
includes a running coupling next-to-leading-log (NLL)
correction to BK and is referred to as the rcBK equa-
tion [94] given by
K(r,r1, r2) = αs(r)Nc
pi
[
r2
r21r
2
2
+
1
r21
(
αs(r
2
1)
αs(r22)
− 1
)
(8)
+
1
r22
(
αs(r
2
2)
αs(r21)
− 1
)]
.
Eq.8 requires an initial condition for TA,B(x = x0, r⊥),
one choice of which is the McLerran-Venugopalan (MV)
model [95, 96] with a finite anomalous dimension γ given
by
T (x0, r⊥) = 1− exp
[
−
(
r2⊥Q
2
s0
4
)γ
ln
(
1
r⊥ΛQCD
+ e
)]
.
(9)
where Q2s0 is a non-perturbative scale. This MV-like pa-
rameterization is constrained by global fits to the DIS
data [97] although it must be noted that MV along with
BK evolution does not include spatial geometric struc-
ture of the proton. The scattering amplitude is known to
have a strong dependence on the impact parameter [78]
which is incorporated in other parameterization such as
IP-Sat [79, 98] or b-CGC [78] models of DIS. More re-
cently, significant progress in consistently including the
full NLL corrections to BK evolution into DIS fits [99–
101] has been made. However, so far this has not been
included in phenomenological studies of p+p and p+A
collisions.
With the un-integrated gluon distribution obtained
from Eq.6, one can estimate the production of n-gluons
using the k⊥ factorization approach. In the following sec-
tion we describe the approach for single-inclusive, double-
inclsuive and jet production essential for the phenomenol-
ogy in p+p and p+A collisions.
1. Single inclusive gluon distribution
The single inclusive gluon production corresponds to
the simplest process that describes the emission of a sin-
gle gluon of momentum p
T
which in the perturbative
framework can be written in the k⊥− factorized form as
dN
dypd2pT
=
8αs
(2pi)6CF
S⊥
p2
T
×
∫
k
T
ΦA(kT ) ΦB(pT − kT ) .
(10)
where CF = (N
2
c −1)/2Nc and S⊥ is the transverse over-
lap area. It must be noted that this k⊥-factorized form
of single gluon production has a logarithmic infrared di-
vergence which is generally regulated by putting a lower
pT,min cut. It must be noted that Eq.10 assumes that
the dependence on transverse geometry or the impact
parameter of collisions has already been integrated out
and absorbed into S⊥, a more general expression in such
a context can be found in Ref [87].
72. Di-Jets
In the perturbative framework, estimation of the two-
particle correlations in p + p and p + A collisions are
based on a direct computation of di-jet and the glasma
graphs in the k⊥-factorization approximation [28–30, 32,
41]. Such approximations are valid for momenta above
the saturation scale Qs and do not include multiple-
scattering effects.
The di-jet contribution in this framework is estimated
[86, 102, 103] to be
d2N corr.BFKL
d2p
T
d2q
T
dypdyq
=
32Nc α
2
s
(2pi)8 CF
S⊥
p2
T
q2
T
× (11)∫
k0⊥
∫
k3⊥
ΦA(k0⊥)ΦB(k3⊥)G(k0⊥−pT ,k3⊥+qT , yp−yq),
where G is the BFKL Green’s function that generates
gluon emissions between the gluons that fragment into
triggered hadrons. The form of G is given by [32].
G(qa⊥,qb⊥,∆y) = 1
(2pi)2
1
(q2a⊥q
2
b⊥)1/2
× (12)
∑
n
einφ
∫ +∞
−∞
dν eω(ν,n)∆yeiν ln(q
2
a⊥/q
2
b⊥) .
Here ω(ν, n) = −2αs Re
[
Ψ
(
|n|+1
2 + iν
)
−Ψ(1)
]
is the
BFKL eigenvalue with Ψ(z) = d ln Γ(z)/dz being the
logarithmic derivative of the Gamma function with the
effective coupling factor αs ≡ Nc αS
(√
qa⊥qb⊥
)
/pi and
φ ≡ arccos
(
qa⊥·qb⊥
|qa⊥| |qb⊥|
)
. For a pair of hadrons with a
rapidity separation of ∆y & 1/αs, G does the necessary
resummation of the rapidity ordered multi-gluon emis-
sions. The effect of such gluon emission leads to an-
gular de-correlation that affects the observed di-hadron
correlation [86]. The diagrams corresponding to such
BFKL emission and its impact on broadening the away-
side structure of the azimuthal di-hadron correlation is
shown in Fig.5. In the αS∆y → 0 limit one can obtain
the well known form of the di-jet cross-section expression
in the Multi-Regge kinematics (MRK) [103, 104] :
d2NAB
d2p
T
d2q
T
dypdyq
∣∣∣∣
MRK
=
16Nc αs(pT )αs(qT )
(2pi)8 CF
(13)
× S⊥
p2
T
q2
T
∫
k1⊥
ΦA(x1,k1⊥)ΦB(x2,k2⊥) .
As we discuss in the following section, the quantitative
estimation of the di-jet cross-section is essential for the
description of the di-hadron correlation observed in high
multiplicity events of p+p and p+Pb collisions.
3. Glasma graph
In the context of two particle correlations, there are
a total of eight topologies of the glasma graph (full ex-
pression can be found in Ref [32]), the contribution for
0 π/2 π
Y(Δφ) 
Δφ
Δη   <|Δη|< Δηmin max
Jet Graph Jet + BFKL emissions
FIG. 5. A cartoon showing the contributions of di-jet and
glasma graphs in two particle correlation function Y (∆φ) in-
tegrated over a broad range of |∆η|.
one such diagram to the two-particle correlations can be
written as
d2N corr.Glasma−1
d2p
T
d2q
T
dypdyq
=
32α2S
(2pi)10ζ NcC3F
S⊥
p2
T
q2
T
× (14)∫
k
T
Φ2A(kT )ΦB(pT − kT )ΦB(qT − kT ) .
Beyond the straightforward, perturbative result the non-
perturbative factor ζ has been introduced to account for
the contributions to multi-particle production below the
scale Q2
S
. Constrains from the independent analysis of n-
particle multiplicity distributions [105–108] suggest that
ζ be in the range 0.1−1 and phenomenological studies
typically employ the value of ζ = 1/6 obtained from [106,
107].
The collimation in the glasma graph framework comes
from the fact that each of the four UGDs in Eq.14 has
a bell-shaped structure with a maximum corresponding
to the saturation momentum. Such nature of the UGDs
kinematically constrains two gluons to be produced in
similar (or back-to-back) directions giving rise to the dou-
ble ridge structure in two particle correlations [28, 109].
D. Dilute-dense models
Besides the perturbative diagrammatic approach taken
in the Glasma graph calculation, several studies have
been launched to investigate the origin of structure of
the long-range azimuthal correlations in the limit where
a dilute projectile of individual partons scatter off the
color-fields of a dense projectile. Neglecting correlations
of the incoming partons in the projectile, the double in-
clusive distribution of the scattered partons takes the
form [38, 40]
d2N
dy1d2p1dy2d
2p2
=
∫
d2b1d
2b2
∫
d2k1
(2pi)2
∫
d2k2
(2pi)2
∫
d2r1d
2r2
ei(p1−k1)·r1ei(p2−k2)·r2Wq/g,dy1(b1,k1)Wq/g,dy2(b2,k2)〈
D
(
b1 +
r1
2
,b1 − r1
2
)
D
(
b2 +
r2
2
,b2 − r2
2
)〉
. (15)
8FIG. 6. Color fields of the target are locally organized in
domains of characteristic size of the inverse saturation scale
1/Qs, taken from [40]
where Wq/g,dy1(b1,k1) denotes the Wigner function
of quarks/gluons inside the projectile and D(x,y) =
1
Nc
Tr
[
V (x)V †(y)
]
is the usual dipole-correlator of light-
like Wilson lines in the fundamental/adjoint representa-
tion. While the transverse momenta k1 and k2 of the
two incoming quarks are uncorrelated, it is evident from
Eq. 15 that the correlations in the momentum transfers
p1−k1 and p2−k2 give rise to azimuthal correlations of
the scattered partons p1 and p2. We note that in contrast
to the perturbative calculation, present calculations in
the dilute-dense description usually do not take into ac-
count rapidity evolution between the produced particles
and are therefore limited to the kinematic range where
y1− y2  1/αs where evolution effects can be neglected.
While recent progress has been made in formulating evo-
lution equations for multi-particle production in dilute-
dense systems [110], these have not been employed for
phenomenological studies so far.
By evaluating the dipole operator in short-distance ex-
pansion (Qs|x− y| << 1)
D(x,y) ' 1− (x− y)
i(x− y)j
4Nc
Eai
(x + y
2
)
Eaj
(x + y
2
)
,
(16)
where Ei(x) = iV (x)∂iV
†(x) denotes the light-cone elec-
tric field, one can establish an intuitive picture of the ori-
gin of the long-range near side correlations [25]. When a
projectile parton scatters off the color field of the nucleus
it receives a transverse momentum kick in the direction
of the color-electric field of the target. Color fields fluc-
tuate from event to event and are locally organized in
domains of size ∼ 1/Qs as illustrated in Fig. 6. When
two (or more) quarks scatter off the same domain, they
will receive a similar kick whenever they are in the same
color state. Naturally, this leads to a correlation which is
suppressed by 1/N2c (in the limit of large Nc) and by the
number of domains Q2sS⊥, where S⊥ denotes the trans-
verse area probed by the projectile.
Several studies have computed the azimuthal harmon-
ics of the two-particle correlation function in Eq. (15),
either based directly on numerical evaluations includ-
ing JIMWLK evolution [38, 40] or within (semi-)analytic
models [34, 111, 112]. Generally the double-inclusive
spectrum in Eq. 15 features sizable azimuthal correla-
tions vn which are on the order of 1/
√
N2c − 1 and most
pronounced when both parton momenta p1 are p2 are
on the order of the saturation scale. While the double-
inclusive spectrum for the two incoming quarks features
both even (n = 2, 4, ...) and odd (n = 1, 3, 5, ...) harmon-
ics, it turns out that the odd harmonics for gluons vanish
identically due an exact symmetry of the the correlation
function under p1 → −p1. Even though the dilute-dense
framework described above certainly does not provide the
most realistic initial state model for mid-rapidity particle
production in high-multiplicity events, it turns out that
the absence of odd harmonics for gluons poses a more
general problem within the CGC framework. However,
as discussed in Sec. III recent simulations including the
early-time classical Yang-Mills dynamics have been able
to resolve this puzzle to some extent.
E. Classical Yang-Mills
Beyond the approaches outlined above there have also
been new theoretical developments in the study of initial
state correlations in event-by-event simulations in classi-
cal Yang-Mills theory [39, 69, 108]. In this approach Eq.5
is solved numerically for the individual colliding hadrons
or nuclei in Lorentz gauge ∂µA
µ = 0, where
A±A(B) = −
ρA(B)(x
∓,x⊥)
∇2⊥ +m2
, (17)
and then transformed into the light-cone gauge
A+(A−) = 0, where one finds [113–115]
AiA(B)(x⊥) = θ(x
−(x+))
i
g
VA(B)(x⊥)∂iV
†
A(B)(x⊥) , (18)
A−(A+) = 0 . (19)
The infrared regulator m in Eq. (17) is of order ΛQCD
and crudely incorporates color confinement at the nu-
cleon level by damping the Coulomb tail. The gauge
field in the forward light-cone after the collision at time
τ = 0 is given by the solution of the CYM equations in
Fock–Schwinger gauge Aτ = (x+A− + x−A+)/τ = 0 in
terms of the gauge fields of the colliding nuclei [116, 117]:
Ai = Ai(A) +A
i
(B) , (20)
Aη =
ig
2
[
Ai(A), A
i
(B)
]
, (21)
∂τA
i = 0 , (22)
∂τA
η = 0 (23)
Such gluon fields produced after the collision are evolved
in time according to Classical Yang-Mills equations up
to time τ ∼ 1/Qs to estimate the gluon spectrum
dNg/dyd
2kt by imposing Coulomb gauge ∂iA
i
∣∣
τ
= 0 and
9extracting the equal time correlation function [118, 119]
dN
d2ktdy
∣∣∣∣
τ
=
1
(2pi)2
∑
λ,a
∣∣∣τgµν(ξλ,kt∗µ (τ)←→∂τ Aaν(τ, kt))∣∣∣2
(24)
where gµν = (1,−1,−1,−τ−2) denotes the Bjorken met-
ric and λ = 1, 2 labels the two transverse polarizations.
In Coulomb gauge the mode functions take the form
ξ(1),ktµ (τ) =
√
pi
2|kt|
−kykx
0
H(2)0 (|kt|τ) , (25)
ξ(2),ktµ (τ) =
√
pi
2|kt|
 00
kT τ
H(2)1 (|kt|τ) , (26)
where H
(2)
α denote the Hankel functions of the second
type and order α (see [118] for details).
The calculations in the framework of Classical Yang-
Mills naturally include the Glasma graphs and extend the
reach of perturbative calculations towards lower pT by
consistently including multiple-scattering effects as well
as coherent re-scattering in the final state. Since event-
by-event simulations in the classical Yang-Mills theory
also allow for an improved treatment of the impact pa-
rameter dependence, they can be used in the future to
systematically study initial state effects across different
collision geometries e.g. in p + A, d + A and 3He + A
collisions at RHIC [10, 11, 120].
F. Hadronization
So far we have outlined the computation of initial
state correlations at the parton level. The mecha-
nism of hadronization converts the partonic correlations
driven by initial state dynamics into correlated produc-
tion of final-state particles. Implementation of a realistic
scheme of hadronization is therefore essential for the phe-
nomenology of small systems collisions. A first principle
QCD based approach to such a problem is very challeng-
ing. One therefore resorts to several available approxi-
mation schemes for fragmentations of partons. The most
commonly used approach is the standard parton-hadron
independent hadronization scheme [121] in which e.g. the
single inclusive hadron distributions are obtained by con-
voluting the gluon distributions with fragmentation func-
tions as
dNh
d2p
T
dy
=
∫ 1
zmin.
dz
z2
dNg
d2q
T
dy
Dg→h
(
z =
p
T
q
T
, µ2
)
,
(27)
where Dg→h(z, µ2) denotes the probability that a gluon
fragments into a hadron carrying z fraction of its mo-
mentum at a scale µ2. The lower limit of the integral
is determined from the kinematic requirement that the
momentum fraction of the gluons x ≤ 1. Commonly used
form for Dg→h(z, µ2) such as KKP or DSS fragmentation
functions are obtained from fits to the inclusive hadron
production data in e++e− and p+p collisions [122, 123].
In case of double inclusive production relevant for the
study of two-particle correlations, one assumes an ansatz
of the form [28]
d2N corr.h
d2pT d2qT dηpdηq
= (28)
1∫
z0
dz1dz2
D(z1)
z21
D(z2)
z22
d2N corr.g
d2p
T
d2q
T
dηpdηq
(
pT
z1
,
qT
z2
)
.
A limitations of is standard approach of hadronization is
that the applicability of the fragmentations functions are
questionable at low virtuality µ2. Therefore such scheme
of hadronization can not be used for bulk particle pro-
duction which is dominated by soft processes with typical
virtuality scale µ2 . 1 GeV. In this regime an alterna-
tive approach such as the Local Parton Hadron Duality
(LHPD) [124] can be used to describe bulk particle pro-
duction driven by initial sate dynamics [125].
The state-of-the-art scheme of hadronization to de-
scribe bulk particle production used in several event gen-
erators like PYTHIA [126, 127] is based on the Monte-
Carlo implementation of the Lund string fragmentation
function
f(z,mT ) =
1
z
(1− z)a exp
(
−bmT
2
z
)
(29)
where mT and z denote the transverse mass and the light
cone momentum fraction of the fragmenting hadron. The
default parameters a and b are constrained by global
analysis of p+p data. The hadronization scheme in
PYTHIA also includes decays of hadron resonances and
final-state hadronic interactions. A quantitative study of
the effect of hadronization on initial-state parton level
correlations using different schemes of fragmentation has
been done in Ref [128]. The study indicates that the
structure of the final azimuthal correlations are very
much sensitive to the choice of fragmentation. For exam-
ple the resonance decay and hadronic interactions can
distort the initial-state correlations and introduce arti-
ficial final-state correlations in the produced hadrons.
Such mechanism will complicate the interpretation of ex-
perimental data. In such a context it has been demon-
strated that hardronization effects in PYTHIA combined
with the scheme of color reconnection produce effects
that can mimic collective flow like pattern leading to
a strong mass ordering of 〈pT 〉 [129] in p+p collisions.
In addition, the hadronic transport models that imple-
ments the Lund string fragmentation of PYTHIA have
also shown to qualitatively reproduce the systematics of
v2 measured in p+Pb collisions [130]. Clearly more phe-
nomenology in this direction will further improve our un-
derstanding. Meanwhile it is essential to implement a
state-of-the art framework of hadronization to test dif-
ferent features of multi-particle correlations in the CGC
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Figure 3: Associated yield for the near-side of the correlation function averaged over 2 <
|Dh| < 4 and integrated over the region |Df| < DfZYAM for pp data at
p
s = 13 TeV (filled
circles) and 7TeV (open circles). Panel (a) shows the associated yield as a function of pT for
events with Nofflinetrk   105. The pT value for each pT bin is the average pT value. In panel (b)
the associated yield for 1 < pT < 2GeV/c is shown as a function of the multiplicity, Nofflinetrk .
The Nofflinetrk value at which the yield is plotted is the average N
offline
trk value in the bin. The
pT selection applies to both particles in each pair. The error bars correspond to the statistical
uncertainties, while the shaded areas and boxes denote the systematic uncertainties. Curves
represent the predictions of the gluon saturation model [39].
with multiplicity for Nofflinetrk & 40.
In the framework of gluon saturation models, a long-range correlation structure is predicted
to arise from initial collimated gluon emissions [40–42]. The energy dependence of associated
yields observed in the data is qualitatively in agreement with this model at
p
s = 13 TeV [39],
as shown in Fig. 3 (b). However, although the model calculation quantitatively describes the
associated yields over the multiplicity range covered by the previous 7 TeV data, significant
deviations are observed at the higher multiplicities probed by the present 13 TeV data. The
associated yields predicted by this model exhibit a much faster increase with Nofflinetrk than that
seen in the data, suggesting that other other mechanisms may be active in this region. Hydro-
dynamic models also predict no energy dependence: they reproduce the collective flow effect
in heavy-ion collisions, which is nearly unchanged from the RHIC to the LHC center-of-mass
energies, although they differ by more than an order of magnitude [43–45]. However, it re-
mains to be seen whether hydrodynamic models can quantitatively describe the behavior of
the observables presented here.
Long-range near-side yields have also been measured for pPb and PbPb collisions by CMS [14].
Figure 4 compares the associated yields in pp, pPb, and PbPb collisions for 1 < pT < 2GeV/c
as a function of the track multiplicity. The various data sets were collected at different center-
of-mass energies, but this should have negligible effect on the results, as discussed above. In
all three systems, the ridge-like correlations become significant at a multiplicity value of about
40, and exhibit a nearly linear increase for higher values. For a given track multiplicity, the
FIG. 7. Figure taken from Ref. [13] showing the measurements by the CMS collaboration on the transverse momentum
dependence of the near side ridge yield (left) and the multiplicity dependence of the same quantity shown for two energies
in p+p collisions (right). Model calculations (shown by dashed lines) are from Ref. [41] using the Glasma graph and BFKL
approach discussed in section II C.
at the level of hadrons; work in this direction is in
progress [131].
III. COMPARISON WITH THE LATEST
EXPERIMENTAL OBSERVATIONS
A. p+p collisions
We begin with a comparison of model calculations with
the latest data in p + p collisions at LHC energies [12],
where the quantity of experimental interest is the rapid-
ity and momentum integrat d correlation function de-
fined as
dN
d∆φ
=
pmaxT∫
pminT
dp2T
2
qmaxT∫
qminT
dq2T
2
∫
dφp
∫
dφq δ (φp − φq −∆φ)
× d
2N corr.
d2p
T
d2q
T
dηpdηq
(
pT
z1
,
qT
z2
,∆φ
)
(30)
which so far has only been computed in the perturbative
CGC approach. The quantity of experimental interest is
the near-side yield Yint defined as the ZYAM subtracted
integrated associated yield per trigger given by
Yint =
1
Ntrig
∆φmin.∫
0
d∆φ
(
dN
d∆φ
− dN
d∆φ
∣∣∣∣
∆φmin
)
. (31)
Here ∆φ = ∆φmin. corresponds to the minimum of the
di-hadron correlation function (ZYAM) and Ntrig is the
number of trigger particles. A quantitative comparison
of the near-side yield in p + p collisions between initial
state calculations [41] using the Glasma graph + BFKL
approach and the experimental data at 7 and 13 TeV
from the CMS collaboration [13] is shown in Fig. 7. One
can see a good agreement between the perturbative cal-
culations and the data at low multiplicities. At higher
multiplicities one sees sy tematic deviations where the
calculatio s over predict the d ta. An improved calcu-
lations in the framework of Classical Yang-Mills which
consistently include multiple-scattering effects [39] might
lead to a better description of the data.
T e st iking feature of e d a model comparison
shown in Fig.7 is that th near-side yield is approximately
energy independent. Such energy independent scaling is
naturally explained within the framework of CGC [41].
Origin of such scaling can be understood as follows. In
the CGC framework a single scale Q2
S
determines both
the single and double inclusive production in p+p colli-
sions. The dependence on the center of mass energy in
bo h multiplicity N recch and the ar side yield Yint enters
only through Q2
S
, i.e.
N recch (Q
2
0 ,
√
s) = N recch (Q
2
S
) , Yint(Q
2
0 ,
√
s) = Yint(Q
2
S
),
(32)
where Q2
S
≡ Q2
S
(Q20 ,
√
s). Fixing the multiplicity
N recch (Q
2
S
) therefore naturally fixes the value of Yint(Q
2
S
)
giving energy independent scaling of the ridge-like corre-
lations. Such scaling provides strong indication of multi-
particle production driven by a single semi-hard scale as
captured in the CGC.
B. p+A collisions
A detailed quantitative estimation of the di-hadron
correlations in p+Pb collisions at the LHC using the per-
turbative di-jet and glasma-graph framework has been
performed in Ref [32]. One of the interesting results from
Ref [32] shown in Fig.8 (left) indicates that the CGC-
framework naturally explains the increase in the near side
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FIG. 8. Figure showing the systematics of ridge-like correlations in p+p and p+Pb collisions captured in the glasma-graph
framework taken from Ref[32]. The comparisons are made with the CMS data for p+p and p+Pb collisions for events having
Nofflinetrk ≥ 110 from [5, 6] and ALICE data for p+Pb collisions Ref.[7]
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FIG. 9. Right: Gluon v2(pT ) (left) and v3(pT ) (right) in p+Pb collisions from Yang-Mills simulations, figure obtained from [39]
compared to data from ATLAS [132] and CMS collaboration [133] for inclusive hadrons.
yield in p+Pb collisions as compared to p+p collisions for
events with thesame multiplicity measured by the CMS
collaboration. Results shown in Fig.8 (right) indicate
that such framework also very well reproduces the periph-
eral subtracted correlation function (1/Ntrig) dN/d∆φ
measured by the ALICE collaboration in p+Pb collisions.
Aforementioned due to the limitations of the perturba-
tive framework such estimations can be performed only
for trigger and associated momentum p
T
,q
T
≥ 1 GeV.
Recent simulations in the framework of classical Yang-
Mills that go beyond such limitations of the perturbative
regime have already opened the path for improved phe-
nomenology. Even though at present these calculations
do not yet include di-jet graphs[134] and hadronization
effects – and thus do not allow for a direct comparison
with experimental data – simulations in this regard have
lead to new insight into the correlations at the parton
level concerning in particular the dynamics of the cor-
relations during the very early stages. The results from
the recent classical Yang-Mills simulations performed in
p+Pb collisions [39] are shown in Fig.9. While gluons are
produced with a significant momentum space anisotropy
at τ = 0+, initially the two-particle correlation func-
tion is symmetric around ∆φ = pi/2 and features only
even harmonics in accordance with the perturbative re-
sult [39]. However, including the effects of the classical
Yang-Mills evolution up to τ = 0.4fm/c leads to the build
up of a sizable v3 on the parton level, while the initial
state v2 remains intact [39]. These results indicate that
at least at the gluon level the non-perturbative dynamics
of the glasma fields gives rise to large values of both v2
and v3 at time scales τ ∼ 1/Qs after the collision that
are comparable to what is seen in the data. Interestingly
sizable v2 and v3 in this framework also extends to large
transverse momentum probably beyond the regime of the
applicability of hydro in p+Pb collisions [135].
While a systematic comparison of the initial state
calculations to experimental data in p + Pb collisions
yields a similar level of quantitative agreement of two-
particle correlations for momenta pT > 1 GeV [30, 32],
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there has been enormous progress on the experimental
side to identify additional signatures of collective motion
which could be indicative of the onset of significant fi-
nal state effects. Even though some observables, such
as e.g. mass ordering properties observed in correlations
between identified hadrons [136] are not necessarily sen-
sitive to the origin of the correlations, more promising
directions including e.g. correlations between more than
two particles have also been explored [137, 138]. One
of the most striking observations in this regard is the
sign change of the four-particle cumulant c2{4} observed
around Nch(|ηlab| < 1) ∼ 60 by ALICE [138]. However,
most of the recent measurements have focused on low
pT observables where the perturbative calculations [28–
30, 32, 41] outlined in Sec. II C do not necessarily apply,
hence complicating the comparison between theory and
experiment.
Nevertheless, there have been first attempts to extend
the theoretical framework to understand whether certain
features of the low pT data such as the sign change of
c2{4} can also be explained from initial state effects.
Based on the dilute-dense approximation in Eq. (16) first
attempts have been made to study initial-state correla-
tions of more than two particles. Generalizing the dilute-
dense formalism to n-particle scattering, it was pointed
out in [36, 40, 139] that the four particle cumulant c2{4}
is sensitive to non-Gaussian correlations of the color-
electric fields inside the target. While the lowest order
perturbative contribution to c2{4} was found to be posi-
tive, it was argued [36] that non-Gaussian correlations of
the domains of color-electric fields may explain the ex-
perimentally observed sign change of c2{4} as a function
of multiplicity. Even though a dynamical explanation
for the existence of sizable non-Gaussian correlations is
still lacking, this topic is an active subject of further in-
vestigations. However, one should also caution that in
contrast to the two particle cumulant c2{2, |∆η > 2},
where short-range correlations are suppressed by intro-
ducing a large rapidity gap, the four-particle cumulant
c2{4} also receives contributions from short-range cor-
relations and interference diagrams. While a complete
theoretical calculation of higher order n-particle correla-
tions is desirable, further progress is needed to tackle this
problem.
Similarly, preliminary results from event-by-event sim-
ulations in classical Yang-Mills theory a la [39] also sug-
gest a negative sign of c2{4} when all particles have low
momenta, while at high pT the four particle cumulant
is always positive [140]. While the first results are in-
teresting, further theoretical progress is needed to decide
unambiguously whether the sign change in c2{4} can be
explained in terms of initial state and early-time effects.
It would also be interesting to extend the experimental
measurements of higher cumulants towards higher mo-
menta to achieve convergence on this issue.
IV. SUMMARY
Experimental observations of collective correlations in
small systems challenge our current understanding of the
space-time evolution of high-energy collisions. While at
low multiplicities one expects dominance of initial state
effects, it is also expected that at sufficiently high multi-
plicities initial state correlations are destroyed due to fi-
nal state interactions and the hydrodynamic response to
the initial state geometry provides the dominant source
of correlations. However, it is theoretically challenging
to predict the transition from initial state to final state
dominated dynamics pointing to the importance of devel-
oping a unified theoretical framework where both effects
are consistently taken into account.
In this brief review we specifically outlined recent de-
velopments in the approach based on initial state dy-
namics. While calculations based purely on initial state
correlations are able to quantitatively describe various
features of the experimental data in p + p and p+Pb
collisions up to the highest multiplicity windows, a si-
multaneous description of the low and high pT observ-
ables over a wide range of multiplicity remains challeng-
ing within any single theoretical framework. Of course,
several outstanding issues remain on the theory side and
the development of a unified framework that combines
1) dynamics of multiple-soft interactions with 2) a first
principle calculation of jet production and 3) a state-of-
the-art fragmentation scheme is essential for a wide range
of phenomenological applications. So far experimental ef-
forts have focused on soft observables such as e.g. the vns,
however complimentary information on the dynamics can
be obtained by considering higher-momentum probes.
While in heavy-ion collisions, the observation of strong
jet-quenching phenomena provides an important indica-
tion for the formation of a strongly interacting Quark-
Gluon plasma, no such features have been reported so far
in small systems. Even though such an analysis is exper-
imentally challenging, it would be important to establish
to what extent mini-jets and actual jets are modified in
high-multiplicity events to further constrain the relative
importance of initial state and final state effects in small
systems.
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